
5-DoubleIntegrals



DoubleIntegrals over rectangles

Consider a function f(x, y) defined on a

closed rectangle R defined by

with a =X1b and EXEd .
all X,Y

suppose for now that fix
, y K, 0 everywhere.

Z

with 1
z = f(x,

y)

We want to come up

a way
to find the

volume V of the

solid s that lies above

1 and underz
A partition of R is

formed by subdividing

R intoa rectangular T
subregions Ri

,
Ra , ...,

Rn

using lines parallel to the X-axis Lime
or y-axis. A rectangle Rn

and
has side lengths Oxm and News

area XAm = OXuDen ·
For each

R let (X* ya) be an arbitrary

point in Ru .



Then
,

the volume V is approximated by

VAumu
area of base

height of
T box above of box Pl

/ ⑭

S f(x,
3) Am is volume of box above Ru

the volumes

n boxes

rZ

⑪
z= f(x ,y

-

Db -

Y

X ( there
Would be

3 more

this ba (xy , y, ) boxes,
one

above each

f(x
,

Y
, y ,* )AA ,

of these

Rk



-i I

Notthe

volumes of*these boxes

- above the Ri

approximates
the volume

V of S

-

If D is the maximum

length of the diagonals
of all the Ris

,
then

-
- Ri

#as n + x and X + 0

and sizes of bases
more get

more boxes of boxes
smaller

and smaller

then 4 An+ O .

-
areas of bases Ru

go to 0.

-

We now make better and better
the

approximations to the Volume of
and

solid under zf(x,y) by letting n + 0

A+ 0.



#EF: The dbe integral of f over R is defined to be

ASSf(x, y)dA = lim

~ n + 00-
↳ sum of the

notation limit volumes of the
for of more boxes in our

integral and more subdivision
Rm's of

smaller and

smaller sizes

if the limit exists.

-



Notes:
· If f(x ,7), 0 over B

,
then we can

define the Volume V to be the integral

if it exists .

· If f is also negative over
R you

get a
not volume

of positive

and negative
boxes.

· If f is continuous over
R then

the integral exists .

-

Q: How do we
calculate the integral ?

-

#With iterated integrals.

-
Tevem: If f is continuous

on R

defined byax-b
and ceyed the

SSf(x,
2)dA = f gf(x ,y)dxdy

·

Ita ]
R

= 99+x,)dd X and y

andu

get the

sameswer
where the above means :



-the c-d boundsyo with y

↓ Fabbored ↓go with X

11

joghf(xi)dxdy = Ifxdx]
-

with respectLisafirst

then integrate
with respect to y

and

SiStixinidadda)dx
C-
ad go

with y

ad go
with X



EX: Find SSGdA where R is

defined by 1EX12 and 24-5

- 1Z
-

Here the &

function S
- -

= 6

is f(x ,y) = 6 6
-

and describes

the plane - -z = 6

We want the
the integral

z = 6 and
.volume of the [ will

calculate

the
volume

solid S under of thisaid

above R. - R

SS64A = SS Gaxdy
R -

integrate
with respect

to X



= ((6x)_
) de

=Sa(6(2) - -(1) dy

= 556dy
-
integrate

with respect to y

= Gy / = 2

= 6(5) - 6(2)

= 30 - 12

-

The integral agrees

With our usual

idea of the

volume of S-as V = (1) - (2) . (6) = 18
~

eth Width height



# Find the volume of the solid S

that lies under the paraboloid
x + y2 + z = 4 and above the

rectangle R defined by OX11 and Ozyl .

The surface is

x2 + y= 0·-When X = 0
, y = 0

we get z = 4
& S~

X



The integralJrepresents
this volume

⑫-
We get

SS(4-x= yYdA = S: (4-x-ody
m

integrate with
respect to X and

treat y as a constant

= S . ((4x- - 3x)()
=]*

-
next plug in X = 1

and X = 0 and

subtract



= S ![X = 0

Herm

= S : [- >2) - 0] dy

-ydy

integrate with respect to y

=-

=)-
y = 1

term
term

= (t - 5) - 10)

·3.



Ex Calculate SS dA where

R is the rectangle
defined by OX11

,
1Y4.

-

Note that

==X = X
12

Thus, --
-

S=dy)d
integrate with respect to y

treat X as a constant

= S ! (i)
=S.Le

en subtract



= S'[x": 2 .
4"-x* 2·]dx~

F

= S! (4x* - 2 . x"7dx

= S'2x" dx

I'
.

= 22

= 2 . Ex!

= (p- 3)

= [1 - 0]

=wer



Part 2 - Double Integrals over-general regions

define SSf(x ,eld

Suppose we want to

↳for some
f defined on D.

D
Suppose D is bounded,

*that is we can R

encapsulate D inside i
a rectangle R.



Define a new function g on R where

9 (x
, y) is equal to f(x, 3) at the points (x,

Y)

in D
,

and g(x,y) = 0 at the points

(x , 7) Outside of D.

that is
,

9 (x, y) = f(x,y)
, Ifi DE

the blue shadingCM is the graph of

Define the double
z= g(x,y)

integral of over D
S

to be : ! :
SSf(x)dA

= SSg(xId#



How do we compute the above.

Here are two scenarios .

If D is defined by

a = X = b and h .
(x) = y -

> ha(x)

n thenI SStIdA=guidydx

Y
If D is defined by

cayed and hilyleX = haly)

L
I then dhz(y)· SSf(x,YIdA = I dx
-X



Ex: Compute SS(x+ 2y)dA whereI

is the region bounded by y = 2 x

2

and y = 1 + X

t
F



We have

SixtydA = Six+yd

= (, (xy + y ]dx
=[2x+ (x))]dx

X + x3 + 1 + 2x + x" - 2x*- 4xY

= S'(-3x"- x* + 2x + x + 1)dx

= ( - Ex- +x + Ex + Ex + x))
= ( 3(1)- +(1) + (1)+ z(i + (1)

- ( -z( - +(-1 + 3(3 + z(1+ 7 - 1)

=

- - - -y+ 3 +y + 1 - 3 +y+ - 7 + 1

= - + 7 + 2=



# Evaluate SSsinly'dydx
where D is the triangle bounded

by x = 0
, y = 1

,
and y = X

-x= 0

=
#
SS , since 2 dy dx

-
since

what is

can't do of sinly") ?

the antiderivative



Attempt 2 :

-

-
SiS" since dydy = ) (xsincy(=

0) de

= S'(ysinly" - O . sinlyi) dy

= Sysinlydetsinlaide = -Escal In
=-[s(1) -(t

⑫ =

- Ecos(1) + E

U
=Ecos(1)



Some properties of the integral :

oS(f(x,
31 + g(x ,y)dA = SSf(x ,

3)dA + ((y(x ,
3)da

② SScf(x ,
)dA = cSfxIdA whenent

③ If D is the unior
of D

,
and De where

D

D
,

and Da have no overlap
then

D
,

SSfIxIdA=SfIxudAtStxA ⑮

④ SS1dA
= area

of D

D



~art 3-Polar Coordinates

-
Recall that polar coordinates are given by :

X = rcos(t)

y = rsin(t)

X2 + yz = ra

tan(E) = 3/x

-
ana



# Find the polar coordinates

for (x ,3) =(
r2 = x+ y = (E((E)= y+ = 1

tan(o)=== FE E

4
-
Ex : Use polar coordinates to describe

-

all points (X,3) satisfying x+ yEl .

M

#
V

The set is described by

O[r31 and O = O ? 2π



# Use polar coordinates to describe

is below the

the region
S that

the circles

X-axis and between

x+y
= 1 and xi+ y =

4.

* xy4

S radius 2 circle

S#
radius I circle

wer:
T2IT·



&(polar coordinate substitutival

- = B

Theorem :-

If f is continuous

a "polar" rectangle R·given by 02acrab

and = GEB ,
where

o B - C - 2π,
then

SSt(xyIdA=-
X

~
Wr bounds

⑦ bounds-

:Findthe volume ofthis,
M

* *
L

z = 0 and 1-x2 - y

intersect on this

circle where

0 = 1 - x2- ya

x2 +y= /



13

*w 002π

The volume is

X = rcos(f)

y = rsin(0)

Sll-ydA E-x+y= ra

S dA = rdrdf

2π

S So ( 1- r rdrdt
= -

~ d A
D

W 1 - (x2+y)
bunds and

= (3) dr do



=(3) dr do

=[r ! J do

= [
*

(* - y - 0) do

do
= to !

= +(2π- 0)

-



# Compute the volume of the solid that

lies between the paraboloids z = X2+y 2

and z = 2 -x2- y
?

T
A

↑

paraboloids
x+y

=
= )

intersect when : -

x+ y = 2 - x3yz7 M2x+ 2y2 = 2

x + y = 1

↑
R described byito r= l,



Volume = SS((2-x-y-cx]
d

-

to surface - bottom surface

=[2-r2-cirado
x+y=r

=)1r-nr3)dedod A = rdrdo
0 r= /

02/

= ((r-rt]! do

= S
*

<(1 - 1) - (o - 0)]d8

= [Edo
= to
= z(2π- 0) =


